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A relativistic Wigner function for free Discrete Time QuantumWalks (DTQWs) on the square 2D
space-time lattice is defined. Useful concepts such as discrete derivatives and discrete distributions
are also introduced. The transport equation obeyed by the relativistic Wigner function is obtained
and degenerates at the continuous limit into the transport equation obeyed by the Wigner function
of 2D Dirac fermions. The first corrections to the continuous equation induced by the discreteness
of the lattice are also computed.
PACS numbers:
INTRODUCTION
Discrete Time Quantum Walks (DTQWs) are unitary quantum automata that can be viewed as formal generalisa-
tions of classical random walks. Following the seminal work of Feynman [1]Gro¨ssing and Zeilinger [2] and Aharonov
[3] they were considered in a systematic way by Meyer [4]. DTQWs have been realized experimentally with a wide
range of physical objects and setups [5–12], and are studied in a large variety of contexts, ranging from quantum
optics [12] to quantum algorithmics [13, 14], condensed matter physics [15–19], hydrodynamics [20] and biophysics
[21, 22].
It is well known that several DTQWs can be viewed as discrete versions of the continuous Dirac and Weyl fermion
dynamics [23–30]. These DTQWs have a continuous limit which coincides with the Dirac equation and they even dis-
play exact discrete gauge invariance properties [31–35]. What however remains unknown is the phase-space behaviour
of these DTQWs. If one follows the standard procedure adopted for Dirac fermions [36–38], one should first build
a relativistic Wigner function for DTQWs and then describe the phase-space dynamics by the transport equation
obeyed by that function. Until now, the only Wigner functions that have been considered for DTQWs [39–42] are
non relativistic [43]. Thus, these function and the equation they obey do not coincide, at the continuous limit, with
the usual Wigner function and phase-space transport equation for Dirac fermions.
The aim of this article is to fill this gap for free DTQWs in flat 2D space-time. We first generalize basic concepts
of continuous mathematics such as derivation and distribution theory to analysis on discrete lattice. We then define a
discrete relativistic Wigner function for DTQWs and derive the corresponding discrete relativistic transport equation.
At the continuous limit, the discrete Wigner function tends towards the Wigner function of Dirac particles and the
transport equation tends towards the equation obeyed by the Wigner function of Dirac fermions in continuous space-
time. We also compute the first correction to the transport equation induced by the discreteness of the lattice on
which the DTQWs propagate. We finally discuss all results in the last section of the article.
A SIMPLE DIRAC QW
We work with two-component wave-functions Ψ defined in 2D discrete space-time where instants are labeled by
j ∈ Z, spatial positions are labeled by p ∈ Z and Ψj = (ψj,p)p∈Z. We introduce a basis (bA) = (bL, bR) in Hilbert-
space space and the components ΨA = (ΨL,ΨR) of the arbitrary wave-function Ψ in this basis. The Hilbert product
is defined by < ψ, φ >=
∑
A,j,p(ψ
A)∗j,p(φ
A)j,p, which makes the basis (bA) orthonormal. Consider now the quantum
walk Ψj+1 = UjTΨj where T is the spatial-translation operator defined by (TΨj)j,p = (ψ
L
j,p+1, ψ
R
j,p−1)
T and Uj is an
SU(2) operator defined by
(UjΨj)j,p = U(θ)ψj,p (1)
where
U(θ) =
(
cos θ −i sin θ
−i sin θ cos θ
)
, (2)
with constant θ. It was shown in [33] that this quantum walk, at the continuous limit defined by tj = jǫ, xp = pǫ,
θ = ǫm, tends to the Dirac equation for a 2D spinor of mass m in flat Minkovski space-time with coordinates (t, x)
as ǫ tends to zero.
2BASIC TOOLS
Discrete derivatives
Let us now rewrite the above equations with the help of discrete covariant derivative. We define:
(Djf)j,p =
1
2
(fj+1,p − fj−1,p)
(Djjf)j,p =
1
2
(fj+1,p + fj−1,p − 2fj,p)
(Dpf)j,p =
1
2
(fj,p+1 − fj,p−1) ,
(Dppf)j,p =
1
2
(fj,p+1 + fj,p−1 − 2fj,p) (3)
where f is an arbitrary j- and p-dependent quantity. These are discrete versions of the usual partial derivatives.
Inverting the above equations delivers:
fj+1,p = fj,p + (Djf)j,p + (Djjf)j,p
fj−1,p = fj,p − (Djf)j,p + (Djjf)j,p
fj,p+1 = fj,p + (Dpf)j,p + (Dppf)j,p
fj,p−1 = fj,p − (Dpf)j,p + (Dppf)j,p. (4)
The equation of motion of the QW can then be rewritten as:
(DjΨ
A)j,p = (Uσ3)
A
B(DpΨ
B)j,p + (U − 1)
A
BΨ
B
j,p − δ
A
B(DjjΨ
B)j,p + U
A
B (DppΨ
B)j,p , (5)
where σ3 is the operator represented by the third Pauli matrix in the basis (bA) i.e. σ3 is represented by the matrix
diag(1,−1) in the basis (bA) and (1)
A
B = δ
A
B = 1 if A = B and 0 otherwise. At the continuous limit, the left-hand side
and the first term on the right-hand side deliver the differential terms in the Dirac equation, the second contribution
to the right-hand side delivers the mass term while the other two terms vanish because they are of higher order.
Let us finally mention the following identities, which will be used in the next sections:
Dj(fg) = (Djf)g + f(Djg) + (Djf)(Djjg) + (Djjf)(Djg), (6)
Dp(fg) = (Dpf)g + f(Dpg) + (Dpf)(Dppg) + (Dppf)(Dpg). (7)
Note that the terms which vanish at the continuous limit are of order 3, and not 2 in ǫ.
Discrete distributions
In what follows, we will consider discrete Fourier transforms of quantities which do vanish at infinity. To give
meaning to these Fourier transforms, one has to extend the theory of distributions to the discrete case. For simplicity
sakes, all ideas are now presented for functions and distributions of one single discrete variable n ∈ Z, which plays to
role of j or p. The extension to two discrete variables used in the following sections is straightforward.
We introduce as test functions the space of all functions h of n which admit a discrete Fourier transform hˆ defined
by
hˆ(k) =
∑
n
exp(ikn)hn. (8)
All these functions vanish at infinity. The conjugate momentum k takes value in the first Brillouin zone of the lattice
i.e. (−π, π). The inverse Fourier transform is thus defined by:
hn =
1
2π
∫ π
−π
exp(−ikn)hˆ(k)dk. (9)
3Any function f defined on Z can now be considered a distribution acting on this space of test functions and we
define
f(h) =< f, h >n=
∑
n
fnhn. (10)
We now define the discrete Fourier transform fˆ of the distribution f by its action on functions on the variable k:
fˆ(H) =
∑
n
1
2π
∫ π
−π
dk exp(ikn)fnH(k)
= < f, Hˆ >n (11)
Introducing the natural product in Fourier-space
< u, v >k=
1
2π
∫ π
−π
dk u(k)v(k), (12)
the definition of fˆ can be rewritten as < fˆ,H >k=< f, Hˆ >n.
Consider the Fourier transform of the derivative F = Dnf .
< Fˆ ,H >k = < F, Hˆ >n
=
∑
n
1
2π
∫ π
−π
dk exp(ikn)FnH(k)
=
∑
n
1
2π
∫ π
−π
dk exp(ikn)
1
2
(fn+1 − fn−1)H(k)
=
∑
n
1
2π
∫ π
−π
dk exp(ikn)
1
2
(exp(−ik)− exp(ik)) fnH(k)
=
∑
n
1
2π
∫ π
−π
dk exp(ikn)fn (−i sink)H(k)
= < G,H >k (13)
where G(k) = −i(sin k)fˆ(k). Thus,
Fˆ (k) = −i(sink)fˆ(k). (14)
At the continuous limit, the continuous position N and wave-vectorK are related to n and k by N = ǫn and K = k/ǫ,
so (14) becomes
ǫf̂ ′(K) = −i sin(ǫK)fˆ(K) (15)
where f ′ = df/dN . At orders 0 and 1, (15) reads simply
f̂ ′(K) = −iKfˆ(K) (16)
but one finds, for example at second order in ǫ:
f̂ ′(K) = −iK
(
1−
ǫ2K2
3
)
fˆ(K). (17)
DISCRETE WIGNER FUNCTION
We now introduce the ‘density’ in space-time ΩABj,p,nj ,np = (Ψ
A)∗j−nj ,p−np(Ψ
B)j+nj ,p+np , (j, nj , p, np) ∈ Z
4, (A,B) ∈
{L,R}
2
. We consider that this object is, at fixed (j, p), a discrete distribution acting on functions of (nj , np) which
4admit a discrete Fourier transform with respect to these variables and we define the discrete Wigner ‘function’ WAB
as the Fourier transform of ΩAB with respect to (nj , np):
WABj,p,kj ,kp =
∑
(nj ,np)∈Z2
exp (+ikjnj + ikpnp)× (Ψ
A)∗j−nj ,p−np(Ψ
B)j+nj ,p+np . (18)
Let us now obtain from the equations of motion of the QW an equation of motion forW . Following the computation
carried out in the continuous case i.e. for the Dirac equation, we first compute the discrete derivatives of ΩAB with
respect to j (Dj), p (Dp), nj (Dnj ) and np (Dnp), where the derivatives Dnj and Dnp are defined as Dj and Dp
above. The derivatives of Ω are best computed using the identities (6,7). One obtains
(DjΩ
AB)j,p,nj ,np = (Dj(Ψ
A)∗)j−nj ,p−np(Ψ
B)j+nj ,p+np + (Ψ
A)∗j−nj ,p−np(DjΨ
B)j+nj ,p+np + (∆
AB
j )j,p,nj ,np , (19)
(DnjΩ
AB)j,p,nj ,np = −(Dj(Ψ
A)∗)j−nj ,p−np(Ψ
B)j+nj ,p+np + (Ψ
A)∗j−nj ,p−np(DjΨ
B)j+nj ,p+np + (∆
AB
nj
)j,p,nj ,np , (20)
where
(∆ABj )j,p,nj ,np = (Dj(Ψ
A)∗)j−nj ,p−np(DjjΨ
B)j+nj ,p+np + (Djj(Ψ
A)∗)j−nj ,p−np(DjΨ
B)j+nj ,p+np , (21)
(∆ABnj )j,p,kα,kβ = −(Dj(Ψ
A)∗)j−nj ,p−np(DjjΨ
B)j+nj ,p+np + (Djj(Ψ
A)∗)j−nj ,p−np(DjΨ
B)j+nj ,p+np . (22)
Similar relations can be written for Dp and Dnp .
Putting all this together delivers(
(Dj +Dnj )Ω
AB
)
j,p,nj ,np
= 2(ΨA)∗j−nj ,p−np(DjΨ
B)j+nj ,p+np + 2(DjjΨ
A)∗j−nj ,p−np(DjΨ
B)j+nj ,p+np , (23)
and (
(Dp +Dnp)Ω
AB
)
j,p,nj ,np
= 2(ΨA)∗j−nj ,p−np(DpΨ
B)j+nj ,p+np + 2(DppΨ
A)∗j−nj ,p−np(DpΨ
B)j+nj ,p+np . (24)
Using the equation of motion (5) leads to(
(Dj +Dnj )Ω
AB
)
j,p,nj ,np
− (Uσ3)
B
C
(
(Dp +Dnp)Ω
AC
)
j,p,nj ,np
=
2(ΨA)∗j−nj ,p−np(U − 1)
B
C (Ψ
C)j+nj ,p+np − 2(Ψ
A)∗j−nj ,p−np
((
δBCDjj − U
B
CDpp
)
(ΨC)
)
j+nj ,p+np
+ 2
(
Djj(Ψ
A)∗
)
j−nj ,p−np
(
Dj(Ψ
B)
)
j+nj ,p+np
− 2
(
Dpp(Ψ
A)∗
)
j−nj ,p−np
(Uσ3)
B
C
(
Dj(Ψ
C)
)
j+nj ,p+np
. (25)
Taking the Fourier transform delivers:(
δBCDj − (Uσ3)
B
CDp
)
WAC = KAB [Ω] +MAB [Ψ∗,Ψ] (26)
where (
KAB [Ω]
)
j,p,kj ,kp
=
∑
(nj ,np)∈Z2
exp (+ikjnj + ikpnp)×
(
δBCDnj − (Uσ3)
B
CDnp
)
ΩACj,p,nj ,np (27)
and (
MAB [Ψ∗,Ψ]
)
j,p,kj ,kp
=
(
MABc (W )
)
j,p,kj ,kp
+
(
MABs [Ψ
∗,Ψ]
)
j,p,kj ,kp
(28)
with (
MABc (W )
)
j,p,kj ,kp
= 2(U − 1)BC (W
AC)j,p,kj ,kp , (29)
(
MABs [Ψ
∗,Ψ]
)
j,p,kj ,kp
=
∑
(nj ,np)∈Z2
exp (+ikjnj + ikpnp)µj,nj ,p,np , (30)
5µj,nj ,p,np = −2(Ψ
A)∗j−nj ,p−np
((
δBCDjj − U
B
CDpp
))
(ΨC)
)
j+nj ,p+np
+ 2
(
Djj(Ψ
A)∗
)
j−nj ,p−np
(
Dj(Ψ
B)
)
j+nj ,p+np
− 2
(
Dpp(Ψ
A)∗
)
j−nj ,p−np
(Uσ3)
B
C
(
Dj(Ψ
C)
)
j+nj ,p+np
.(31)
The quantity KAB [Ω] involves discrete Fourier transforms of discrete time- and space-derivatives. To rewrite these
into a more appealing form, we use the computation carried out in the previous section. One finds:(
KAB [Ω]
)
j,p,kj ,kp
=
∑
(nj ,np)∈Z2
exp (+ikjnj + ikpnp)×
(
−i(sinkj)δ
B
C + i(sin kp)(Uσ3)
B
C
)
ΩACj,p,nj ,np
= −i
(
(sin kj)δ
B
C − (sin kp)(Uσ3)
B
C
)
WACj,p,kj ,kp
=
(
KAB (W )
)
j,p,kj ,kp
. (32)
The final form of the discrete evolution equation obeyed by W is thus:(
δBCDj − (Uσ3)
B
CDp
)
WAC −KAB (W )−MABc (W ) =M
AB
s [Ψ
∗,Ψ] . (33)
In contrast with the transport equation obeyed by the Wigner function of the continuous Dirac field, this equation
does not involve only W but also a functional of Ψ, Ψ∗. In the discrete case, this equation should therefore be viewed
primarily as a discrete integro-differential equation obeyed by Ψ and Ψ∗, not W . The lowest order correction to the
continuous limit is presented in the next section as an example.
Corrections to the continuous transport equation
Let us show how to perform an expansion around the continuous limit by computing the lowest order corrections
to the transport equation induced by the discreteness of the space-time lattice.
At second order in ǫ, the operator U(θ) reads
U(θ) ∼
(
1− ǫ
2m2
2 −iǫm
−iǫm 1− ǫ
2m2
2
)
, (34)
where ∼ designates equality at second order. Since Dp = ǫ∂x, one finds that
U(θ)σ3Dp ∼ ǫ
(
1 +iǫm
−iǫm −1
)
∂x, (35)
leading to
δABDj − (Uσ3)
A
BDp ∼ ǫ
(
δAB∂t − (σ3)
A
B∂x
)
− ǫ2m (σ2)
A
B∂x (36)
where σ2 is the second Pauli matrix.
Since kj = ǫkt and kp = ǫkx,
KAB (W ) ∼ −iǫ
(
kjδ
B
C − kp(σ3)
B
C + ǫmkp(σ2)
B
C
)
WAC . (37)
The first part of the mass term reads
MABc (W ) ∼ −iǫm(σ1)
B
CW
AC −
ǫ2m2
2
WAB. (38)
The other part of the mass term depends linearly on the second derivatives Djj and Dpp. To compute these at
second order in ǫ, one can use the first order expressions of Dj and Dp, which are Dj ∼ ǫ∂j and Dp ∼ ǫ∂p, combined
with the zeroth order expression for U , which is U ∼ 1. Using then the Dirac equation to eliminate the second
derivatives leads to:
MABs [Ψ
∗,Ψ] ∼ +2ǫ2m2WAB. (39)
Including the lowest order corrections to the continuous case, the transport equation obeyed by W thus reads:[
(∂t + ikj)δ
B
C − (∂x + ikp)(σ3)
B
C + im(σ1)
B
C
]
WAC =
ǫ
[
m(∂x − ikp)(σ2)
B
C +
3m2
2
δBC
]
WAC . (40)
6CONCLUSION
We have defined a relativistic Wigner function for free DTQWs on the square 2D space-time lattice. This definition
uses the concepts of discrete derivatives and distributions which we have also introduced. We have established the
transport equation obeyed by the relativistic Wigner function and proved that this equation degenerates at the
continuous limit into the transport equation obeyed by the Wigner function of Dirac fermions. We have finally
computed the first corrections to this equation induced by the discreteness of the lattice.
These results can be extended in several directions. One should first address DTQWs defined, both on higher
dimensional and on more general lattices, like for example planar triangular and hexagonal ones [44, 45]. This could
be done by using Fourier series defined on general spectral sets (see for example [46] and references therein). An
extension to DTQWs defined on graphs should also be envisaged [47, 48]. Since several DTQWs with non constant
mixing operators can be interpreted as fermions coupled to discrete gauge fields [31–35, 49–54], one should define a
Wigner function which incorporates these gauge fields and, in particular the electromagnetic field and the gravitational
field. For example, defining a gauge-invariant Wigner function for Dirac particles couples to electromagnetic fields is
highly non trivial [36] and one wonders how the problem translates to DTQWs. Finally, DTQWs defined through
unitaries which present a time randomness decohere and behave asymptotically like non quantum diffusions (see for
example [55] and references therein). One then expects the transport equation for the relativistic Wigner function to
approach asymptotically relativistic transport equations similar to those obtained for relativistic stochastic processes
[56, 57]. This should be confirmed and the asymptotic fully analyzed.
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